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ABSTRACT 

Two composi teequat ions  of s ta te  have been used i n  

t h e  i n v e s t i g a t i o n  of t h e  s t r u c t u r e  of neut ron  ( o r  hy- 

peron o r  baryon) stars.  These have been based upon 

t w o  forms of t h e  neutron-neutron p o t e n t i a l  suggested 

by Levinger and Simmons. I n  one form r e p u l s i v e  f o r c e s  

come i n  qu ick ly  a t  g r e a t e r  than  nuc lear  d e n s i t i e s :  i n  t h e  

o t h e r  form t h e  r e p u l s i v e  fo rces  come i n  s lowly.  I n  t h e  

former case t h e  maximum s t a b l e  m a s s  of a neut ron  s t a r  i s  

about two s o l a r  masses: whereas i n  t h e  l a t t e r  case it  

i s  only about  one s o l a r  mass. This  probably r e p r e s e n t s  

a measure  of t h e  basic unce r t a in ty  i n  t h e  p r o p e r t i e s  

of neut ron  star models d u e  t o  our l a c k  of knowledge of 

nuc lea r  f o r c e s .  The m a x i m u m  c e n t r a l  d e n s i t y  of a stable 

c o n f i g u r a t i o n  i s  s i m i l a r l y  uncer ta in :  t h i s  d e n s i t y  

probably l ies  i n  t h e  range t o  10l6 grams/cm . 
D e t a i l s  of many of t h e  neutron s t a r  models c a l c u l a t e d  

are  summarized and d iscussed .  

3 - 
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INTRODUCTION 

The problem of t h e  p r o p e r t i e s  of h i g h l y  condensed matter 

has  a long h i s t o r y .  The f i r s t  impor tan t  c o n t r i b u t i o n s  came as 

e a r l y  as i n  t h e  pe r iod  of 1930-40, from Chandrasekhar (1935, 19391, 

Landau (1932),  Oppenheimer and Serber (1938) ,  Oppenheimer and 

Volkoff (1939) ,  and o t h e r s .  For a degenera te  body under g r a v i t a -  

t i o n a l  a t t r a c t i o n  t h e r e  may e x i s t  two p o s s i b l e  e q u i l i b r i u m  s t a t e s ,  

t h e  less condensed s t a t e  composed of e l e c t r o n s  and n u c l e i ,  and 

t h e  more compressed s ta te  of neu t ron ic  o r  baryonic  c o n f i g u r a t i o n .  

The "e lec t ron-nuclear"  s ta te  corresponds t o  t h e  observed wh i t e  

dwarf stars.  I t  w a s  suggested (Zwicky 1938, 1939, and 1958) 

t h a t  t h e  more condensed s t a t e  of nuc lea r  d e n s i t y  might be 

p h y s i c a l l y  r e a l i z e d  i n  a form of a neut ron  s t a r  formed as t h e  

r e s u l t  of  a supernova explos ion ,  a t  tk las t  s t a g e  of e v o l u t i o n  

of a s u f f i c i e n t l y  massive s t a r .  Th i s  view w a s  somewhat neg lec t ed  

f o r  a long t i m e .  However, t h e r e  has  r e c e n t l y  a r i s e n  a p o s s i b i l i t y  

t h a t  a neutron s ta r  formed as a remnant of a supernova explos ion  

may d i r e c t l y  or i n d i r e c t l y  be r e s p o n s i b l e  f o r  some of t h e  ce les t ia l  

x-ray sources  now known t o  e x i s t  (Chiu 1964, Chiu and S a l p e t e r  

1964, Morton 1964, Tsuru ta  1964, Cameron 1965, and o t h e r s ) ,  and 

t h e  importance of t h e  s tudy  of h i g h l y  condensed matter has  been 

g r e a t l y  increased .  Even a s i d e  from t h e  problem of observing 
I 
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t h e s e  s t a r s ,  t h e  s tudy  of degenerate  stars i s  important  i n  i t se l f  

as a fundamental problem i n  physics .  J . A .  Wheeler and h i s  

c o l l a b o r a t o r s  have been pursuing t h e  problem of degenera te  stars 

s i n c e  1958 i n  connec t ion  w i t h  g r a v i t a t i o n  theory  and g r a v i t a t i o n a l  

c o l l a p s e .  The best c o l l e c t i o n  of t h e i r  work i s  found i n  Harr i son ,  

Thorne, Wakano and Wheeler (1965) .  Some o t h e r  r e c e n t  c o n t r i b u t i o n s  t o  

t h i s  problem are those  of Cameron (1959) I Amburtsumyan and Saakyan (1960, 

1962, a , b )  , Sahakian and Vartaman (1963) ,  and Misner and Zapolsky (1964) . 

I n  c o n s i d e r a t i o n s  of neutron stars t h e  g r e a t e s t  u n c e r t a i n t y  

i s  caused by l ack  of knowledge of h igh  energy phys ic s ,  and, f o r  

t h i s  r eason ,  t h e  i n t e r a c t i o n  fo rces  between neut rons  w e r e  u s u a l l y  

neg lec t ed  i n  m o s t  of t h e  previous work. However, t h e  t y p i c a l  

15 3 d e n s i t y  i n  neut ron  stars i s  as high as  - 10 gm/cm o r  more, 

f o r  which t h e  nuc lear  f o r c e s  between t h e  c o n s t i t u e n t  p a r t i c l e s  

are f a r  too impor tan t  t o  be neglec ted .  I t  should be emphasized 

t h a t  an e x a c t  knowledge of t h e  nuc lear  f o r c e s  near  and j u s t  above 

nuc lea r  d e n s i t i e s  (around 10 4 p 4 10 gm/cm ) i s  r e q u i r e d  

t o  determine t h e  q u a n t i t a t i v e  p r o p e r t i e s  of t h e  models no t  only 

i n  t h i s  range b u t  a l so  f o r  f a r  denser  c o n f i g u r a t i o n s .  It  i s  

l i k e l y  t h a t  denser  m a t t e r ,  p > 10 gm/cm I should fo l low a 

s imple asymptot ic  equa t ion  of s t a t e  of t h e  p o l y t r o p i c  form 

p = cny = (y-l)s, wi th  t h e  value of y p rope r ly  chosen (where 

P i s  t h e  p r e s s u r e ,  c is a cons t an t ,  y is  t h e  a d i a b a t i c  exponent 

14 16 3 

16 3 
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and s i s  t h e  energy d e n s i t y ) ,  b u t  t h e  impor tan t  q u e s t i o n  is: 

t o  what nuclear  equat ion  of s t a t e  should t h i s  be j o ined  i n  t h e  

lower dens i ty  r eg ion  near  t h e  s u r f a c e ?  Some e f f o r t s  have been 

made i n  r e c e n t  y e a r s  t o  t a k e  i n t o  account  t h e s e  nuc lea r  f o r c e s  

by Cameron (1959), Amburtsumyan and Saskaan (1962a) and o t h e r s .  

I n  t h i s  paper w e  exp lo re  t h i s  problem i n  more d e t a i l .  

For t h i s  purpose,  w e  have chosen two p o s s i b l e  forms of t h e  

nuc lea r  i n t e r a c t i o n  between neut rons  as sugges ted  by Levinger and 

Simmons ( 1 9 6 1 )  . The p o s s i b l e  a p p l i c a t i o n  of t h e s e  nuc lea r  p o t e n t i a l s  

t o  t h e  problem of  neut ron  stars w a s  proposed by S a l p e t e r  (1963) .  

These p o t e n t i a l s  a r e  c o n s i s t a n t  w i th  our  knowledge of nuc lea r  

f o r c e s  i n  the  v i c i n i t y  of normal nuc lea r  d e n s i t i e s ,  i f  w e  

assume charge independence of t h e s e  f o r c e s .  However, t h e  uncer- 

t a i n t y  i s  increased  as t h e  d e n s i t y  goes h i g h e r .  Hence, t h e  

d i f f e r e n c e  i n  t h e  models cons t ruc t ed  by t h e  use  of t h e s e  two 

d i f f e r e n t  n u c l e a r  p o t e n t i a l s  may g i v e  an i n d i c a t i o n  of t h e  

unce r t a in ty  due t o  t h e  l a c k  of knowledge i n  t h i s  f i e l d .  

I n  a phys ica l ly  r e a l i s t i c  equa t ion  of s t a t e  t h e  p r e s s u r e  

i s  no t  a l l o w e d  t o  become i n d e f i n i t e l y  l a r g e .  Therefore ,  e i t h e r  

one of t h e  p o s s i b l e  p r e s s u r e  s a t u r a t i o n  c o n d i t i o n s  P S s / 3  

(Landau and L i f s h i t z  1959) or P s s (Ze l ' dov ich  1962) w e r e  

a p p l i e d  i n  our models. I n  our  composite equa t ion  of s t a t e  t h e  

equ i l ib r ium composition of degenera te  matter w a s  used. For 
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11 3 d e n s i t i e s  lower than about 3 x 10 g d c m  matter c o n s i s t s  of 

degenera te  e l e c t r o n s  and va r ious  heavy n u c l e i .  The most abundant 

nuc leus  changes from i r o n  t o  more neut ron- r ich  n u c l e i  w i t h  i n c r e a s -  

i ng  d e n s i t y  (Tsuruta  and Cameron 1965) .  For d e n s i t i e s  h ighe r  

t han  t h i s ,  heavy i o n s  g r a d u a l l y  d i s o l v e  i n t o  neut rons .  The 

system then  c o n s i s t s  of neutrons,  p ro tons  and e l e c t r o n s  i n  

equ i l ib r ium.  N e a r  and above 10 g d c m  , mesons and o t h e r  baryons 

appear .  The th re sho ld  d e n s i t y  a t  which t h e s e  new par t ic les  appear 

i s  q u i t e  u n c e r t a i n  due t o  t h e  lack of knowledge of t h e  i n t e r a c t i o n  

f o r c e s  between t h e  s t r o n g l y  i n t e r a c t i n g  p a r t i c l e s .  However, as  

w i l l  be shown l a t e r ,  t h e  e f f e c t  of  t h e  p o s s i b l e  change of compo- 

s i t i o n  due t o  t h e  s h i f t i n g  of t h e  t h r e s h o l d  energy f o r  t h e  

appearance of t h e s e  p a r t i c l e s  i s  very  s m a l l .  A t  t h e  p r e s e n t  

s t a g e ,  w e  are very i g n o r a n t  concerning t h e  q u a n t i t a t i v e  n a t u r e  

of t h e  s t r o n g  i n t e r a c t i o n  fo rces  between hyperons,  b u t  w e  know 

t h a t  t h e s e  f o r c e s  are of t h e  same n a t u r e  as  t h e  nuc lea r  f o r c e s  

which are r e s p o n s i b l e  f o r  t h e  binding of nucleons t o g e t h e r  i n  

a nuc leus .  Hence it w a s  assumed t h a t  t h e  same Levinger-Simmons 

type  nuc lea r  p o t e n t i a l s  w e r e  experienced by a l l  t h e  nucleons 

and hyperons which are p r e s e n t  i n  t h e  assembly. 

15 3 

This  paper i s  confined t o  co ld  models of degenera te  stars. 

The c o o l i n g  of such stars w i l l  be t r e a t e d  i n  a s e p a r a t e  paper .  



- 6 -  

HYPERONIC MIXTURES 

11 3 When d e n s i t i e s  exceed about  3 x 10 gm/cm , a l l  heavy i o n s  

become uns t ab le  a g a i n s t  d i s i n t e g r a t i o n  t o  neut rons  by means of 

e l e c t r o n  cap tu re ,  and matter c o n s i s t s  mainly of neut rons .  These 

neutrons a r e ,  however, uns t ab le  a g a i n s t  decay t o  p ro tons  and 

e l e c t r o n s  by 0.783 MeV, t h e  neutron-hydrogen m a s s  d i f f e r e n c e ,  and 

t h e  neutron g a s  i s  always contaminated w i t h  pro tons  and e l e c t r o n s .  

When t h e  Fermi energy of t h e  e l e c t r o n s  reaches  t h e  rest mass of 

t h e  muon, 106 M e V ,  neu t rons  can be transformed i n t o  p ro tons  and 

nega t ive  muons. With f u r t h e r  i n c r e a s e  of energy,  va r ious  k inds  

of hyperons are  c r e a t e d .  Some of t h e  many p o s s i b l e  hyperon pro- 

duc t ion  r e a c t i o n s  are: 

W e  note  t h a t  i n  t h e s e  r e a c t i o n s  s t r angeness  i s  n o t  conserved. 

-9 
The t i m e  s c a l e  of processes  l i k e  (1) i s  on t h e  o rde r  of 10 sec, 

which i s  long compared w i t h  nuc lea r  t i m e  scales b u t  extremely 

s h o r t  from t h e  as t ronomica l  p o i n t  of view. Even though f a s t e r  

r e a c t i o n s  e x i s t ,  t h e  above examples are f a s t  enough t o  maintain 

equi l ibr ium.  Consequently w e  can s a f e l y  assume t h a t  thermodynamic 

equ i l ib r ium is  maintained throughout .  
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The d e n s i t i e s  a t  which these  meson and hyperon transforma- 

t i o n s  t a k e  p l a c e  are above nuclear  d e n s i t i e s ,  and a l l  t h e  

c o n s t i t u e n t  baryons and l ep tons  become h igh ly  degenera te  soon 

a f t e r  c r e a t i o n  a t  the  th re sho ld  energy. Even when the  temperature  

i s  as h igh  as 5 x 10 K (a t y p i c a l  maximum temperature of 

i n t e r e s t  i n  t h e  problem of neutron stars) their  degeneracy i s  

so  h i g h  t h a t  the c o l d  matter approximation i s  f u l l y  j u s t i f i e d .  

(For i n s t a n c e ,  a t  T = 5 x 10  K and p = 10 gm/cm , t h e  r a t i o  

of neut ron  Fermi energy t o  kT is  about  400) .  Therefore ,  w e  can 

9 0  

9 0  15 3 

assume t h a t  a l l  t h e  c o n s t i t u e n t  par t ic les  are i n  t h e i r  l o w e s t  

energy s ta tes .  

Some y e a r s  ago w e  had a r a t h e r  t i d y  l i s t  of  about  3 0  so- 

c a l l e d  "elementary" p a r t i c l e s .  Today 60 t o  70 more have been 

added. The f i r s t  problem w e  face  i s  t o  determine which of t h i s  

p ro fus ion  of p a r t i c l e s  s u r v i v e  a s  t h e  a u t h e n t i c  components of 

our baryon gas  i n  our range of i n t e r e s t .  F i r s t  of a l l ,  p o s i t r o n s ,  

photons,  n e u t r i n o s ,  p o s i t i v e  muons and p ions ,  and K mesons are 

a l l  a b s e n t  a t  z e r o  temperatures  because nothing p reven t s  t h e i r  

decay and a n n i h i l a t i o n .  On the  o t h e r  hand, s t a b i l i t y  i s  e s t a b l i s h e d  

among hyperons,  nucleons,  nega t ive  muons and e l e c t r o n s ,  because 

t h e  decay products  of t h e s e  p a r t i c l e s  f i n d  no unoccupied p l a c e  

i n  phase space  due t o  t h e  complete degeneracy of baryons and 

e l e c t r o n s  and t h e  P a u l i  exc lus ion  p r i n c i p l e .  The s t a b i l i t y  of 
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nega t ive  pions i s  e s t a b l i s h e d  through t h e  h igh  degeneracy of 

nega t ive  muons a t  very h igh  d e n s i t i e s .  The presence  of  t h e  newly 

d iscovered  p a r t i c l e s  i s  r e s t r i c t e d  due t o  t h e  f a c t  t h a t  most of 

t h e s e  p a r t i c l e s  are heav ie r  s ta tes  of f a m i l i a r  mesons, nucleons,  

and hyperons, and t h a t  t h e  upper l i m i t  of d e n s i t y  o f  i n t e r e s t  

t o  u s  i s  about 10 gm/cm . This  i s  because t h e  equa t ion  of 

s t a t e  f o r  d e n s i t i e s  h ighe r  than  t h i s  va lue  becomes independent 

of t h e  kind and t h e  concen t r a t ion  of particles p r e s e n t  as expla ined  

i n  t h e  n e x t  s e c t i o n .  Consequently, t h e  fol lowing t h i r t e e n  

p a r t i c l e s  were s e l e c t e d  as s u f f i c i e n t  f o r  our  i n v e s t i g a t i o n ,  

fol lowing Ambartsumyan and Saakyan (1960):  

16 3 

- 
(2) 

- 0 + - -0 -- e , p , p ,  p*, n ,  n*, A ,  C , C , C , z , s , 

n* and p * a r e  i s o b a r s  of neut rons  and pro tons  i n  t h e  f i r s t  e x c i t e d  

s t a t e s ,  now called d e l t a  p a r t i c l e s .  

The concent ra t ion  and t h e  t h r e s h o l d  energy of t h e  appearance 

of each of  t h e s e  p a r t i c l e s  are determined by minimizing t h e  t o t a l  

energy s u b j e c t  t o  t h e  c o n s t r a i n t s  of conserva t ion  of charge and 

baryon number. The r e s u l t s  may be expressed as: 

0 
E b + E  = E b - E  = E b  

+ - 
e e 

C x = n  
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where E and n r e p r e s e n t  t h e  t o t a l  energy and t o t a l  number d e n s i t y .  

The s u p e r s c r i p t s  +, -, and 0 refer t o  i n d i v i d u a l  p o s i t i v e ,  n e g a t i v e ,  

and n e u t r a l  p a r t i c l e s ,  and the s u b s c r i p t s  b ,  &, IT and e refer t o  

baryons,  l ep tons  excluding e l e c t r o n s ,  p ions ,  and e l e c t r o n s .  The 

f i r s t  t w o  equa t ions  correspond t o  thermodynamic equ i l ib r ium and 

t h e  las t  two equa t ions  r e p r e s e n t  t h e  conse rva t ion  of baryon 

number and t h e  conserva t ion  of electric charge ,  r e s p e c t i v e l y .  I n  

a macroscopic medium c o n s i s t i n g  of sub-atomic p a r t i c l e s ,  only t h e  

average  p o t e n t i a l  energy of t h e  p a r t i c l e  i s  worth mentioning, as 

it r e p r e s e n t s  t h e  i n t e r a c t i o n  of one par t ic le  w i t h  a l l  t h e  o t h e r s .  

I n  such a c a s e ,  t h e  t o t a l  energy Ek of completely degenera te  

fermions k can be expressed as 

where 

i s  t h e  Fermi momentum, \ is the mass, and V 

a c t i o n  p o t e n t i a l  of the  p a r t i c l e s  k .  

The f i r s t  two t e r m s  r e p r e s e n t  t h e  chemical  p o t e n t i a l .  For completely 

degene ra t e  bosons t h e  chemical p o t e n t i a l  i s  j u s t  t h e  rest mass of 

t h e  par t ic le .  The p r e s e n t  s t a t e  of t h e  theory  of e lementary par t ic les  

i s  so f a r  i n  no p o s i t i o n  t o  give any d e f i n i t e  in format ion  on t h e  i n t e r -  

i s  t h e  average i n t e r -  k 

is  as de f ined  i n  (5)). 
( ak 
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a c t i o n  p o t e n t i a l s  of s t r o n g l y  i n t e r a c t i n g  p a r t i c l e s  f o r  d e n s i t i e s  

s u b s t a n t i a l l y  exceeding nuc lea r  d e n s i t y .  Hence, a t  p r e s e n t  w e  

do n o t  know how t o  improve upon t h e  s imple assumption t h a t  a l l  

baryons i n t e r a c t  i d e n t i c a l l y  ( t h a t  i s ,  V f o r  a l l  baryons a r e  

e q u a l ) .  

medium, b u t  n o t  i t s  p r e s s u r e .  I n t e r a c t i o n  p o t e n t i a l s  of l e p t o n s  

can a l w a y s  be neglec ted  i n  t h e  problem of neut ron  s t a r s  ( S a l p e t e r ,  

1 9 6 1 ) .  The c o n c e n t r a t i o n  n of t h e  p a r t i c l e s  k i n  a hyperonic  

mixture  may then  be found from 

k 

W e  n e g l e c t  Vk i n  c a l c u l a t i n g  t h e  composition of t h e  

k 

where 

= A / ( ? ) ,  \ i s  t h e  mass of a p a r t i c l e  k ,  'k 

= t h e  s p i n  of t h e  p a r t i c l e  k, I k  
a = 21k + 1, k 

f o r  o t h e r s  i n  (211  1 
I k  2 

- -  - = 3/2 f o r  n* and P*, [Ik 

- - 
i = e when k = p 

0 0  i = n when k = A ,  C , E o r  n*, 

+ i = P when k = C or P*, and 

- - 
i = C  when k = E  . 
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i < i s  t h e  t h r e s h o l d  
When n 

number d e n s i t y  of t h e  p a r t i c l e s  i f o r  t h e  creat ion of p a r t i c l e s  k .  

5 9, no p a r t i c l e s  k e x i s t  and t h e r e f o r e  i 

The numbers of muons are expressed i n  terms of e l e c t r o n  numbers, 

t h e  numbers of t h e  p o s i t i v e l y  charged baryons are expressed  i n  
- 

t e r m s  of pro ton  numbers, those  of nega t ive ly  charged baryons 

are expressed  i n  terms of E-, and t h e  numbers of n e u t r a l  baryons 

are expressed  i n  t e r m s  of neutrons.  Hence equa t ions  ( 5 )  g i v e  

t h e  c o n c e n t r a t i o n  of a l l  p a r t i c l e s  k as a f u n c t i o n  of neut ron  

number d e n s i t y  n , i f  t h e  number d e n s i t i e s  of e l e c t r o n s ,  p ro tons  

and E-, n , n and n 

are determined from 

n 

are known as a f u n c t i o n  of n . These c- n e PI 

E + E  = E  P e n 

E - E  = E  c- e n 

and t h e  l as t  two equa t ions  i n  ( 3 ) .  This  problem w a s  so lved  by 

an i t e r a t i v e  procedure.  Once t he  concen t r a t ions  of t h e  c o n s t i t u e n t  

par t ic les  are known, t h e  t o t a l  d e n s i t y  of matter i s  found from 

\- 

k 

where t h e  summation i s  taken over a l l  p a r t i c l e s  k which are p r e s e n t .  

When t h e  t h r e s h o l d  energ ies  of e l e c t r o n s  and n e g a t i v e  muons 

exceed t h e  rest m a s s  of negat ive p ions  i t  i s  m o r e  economical 
- - 

e n e r g e t i c a l l y  i f  e and p a r e  converted t o  TT-. I n  t h i s  case, 
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- - 
t h e  number d e n s i t i e s  of e and p s t a y  c o n s t a n t  w i t h  f u r t h e r  

i n c r e a s e  i n  t o t a l  d e n s i t y ,  a t  t h e  va lues  

2)3/2 3 
/ A  

2 3 

3T-r 
n = 3.36 x ~ r n - ~  = ( m  - rn 

2 r r  c1 IJ 

This  i s  because a l l  t h e  excess e l e c t r o n s  and IJ- above t h e  t h r e s h o l d  

va lue  are converted t o  rr i n  a h ighe r  d e n s i t y  r eg ion .  
- 

When t h e  e l e c t r o n  th re sho ld  energy i s  lower than  t h e  muon 

rest  energy, b u t  when t h e  sum of t h e  pro ton  and e l e c t r o n  thesho ld  

e n e r g i e s  i s  l a r g e r  t han  t h e  neutron rest  energy,  t h e  abundance 

equa t ions  take t h e  s impler  form: 

w i t h  

a. = (M -M )/m = 2-54 :  x = 2rrme/Mp, 

0 e 

n P  e 
3 3 n = 8 ( m  c / h  ) = 8 / X ,  ( 9 )  

and 

p = M n  + M n  
P P  n n  

11 3 For d e n s i t i e s  lower than  - 3 x 10 gm/cm , t h e  e q u i l i b r i u m  

nuc lea r  abundances of va r ious  heavy n u c l e i  as  c a l c u l a t e d  by 

Tsuru ta  and Cameron (1965) apply .  
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The r e s u l t s  are summarized i n  F igu re  1. The number d e n s i t i e s  

of v a r i o u s  baryons k are p l o t t e d  as f u n c t i o n s  of t h e  t o t a l  d e n s i t y  

p .  For p 4 gm/cm t h e  t o t a l  baryon number d e n s i t y  and nue t ron  3 

number d e n s i t y  p r a c t i c a l l y  co inc ide .  For p 2 3 x gm/cm3 t h e  

r a p i d  r ise  i n  t h e  d e n s i t i e s  of o ther  baryons dep res ses  t h e  neut ron  

d e n s i t y  cons iderably  below t h e  t o t a l  baryon d e n s i t y .  

h ighe r  t h a n  about  5 x 10 g m / c m  t h e  c o n c e n t r a t i o n s  of a l l  k inds  

of baryons are about  10  - 10 c m  and they are a l l  of t h e  

same o r d e r  of magnitude. The e l e c t r o n s  and p d e n s i t i e s  e x h i b i t  

a sudden d rop  a l i t t l e  above p = 10 

For d e n s i t i e s  

16  3 

39 40 -3 

- 

15 3 
gm/cm , where t h e  C- hyperons 

17 3 appear .  n and n become cons tan t  around p = 10 gm/cm , due t o  
e IJ. 

- 
t h e  c r e a t i o n  of n mesons. 

I t  may be worthwhile t o  note  t h a t  t h e  o rde r  i n  which t h e  

p a r t i c l e s  appear i s  n o t  i n  t h e  order  of i n c r e a s i n g  masses. For 

i n s t a n c e ,  E- i s  h e a v i e r  than  A ,  b u t  C- begins  t o  appear  a t  l o w e r  

d e n s i t i e s  t han  A .  

n e u t r a l i z e  t h e  p o s i t i v e  charge  of t h e  p ro tons  whose c o n c e n t r a t i o n  

i n c r e a s e s  w i t h  i n c r e a s i n g  n , and s t a r t i n g  from a c e r t a i n  p o i n t  

t h e  product ion  of C- i s  e n e r g e t i c a l l y  more economical t han  t h a t  

of one new pro ton  and two new e l e c t r o n s .  

e x p l a i n s  why t h e  E hyperons appear a t  lower d e n s i t i e s  t han  t h e  

The  reason i s  t h a t  t h e  C- hyperons have t o  

n 

A s imi la r  argument 

- 

+ - 17 
C hyperons which are l i g h t e r  than E . For p 2- 1.4 x 10 gm/cm3 

t h e  n- d e n s i t y  i n c r e a s e s  so r a p i d l y  w i t h  f u r t h e r  ivcrease i n  

d e n s i t y t h a t i t  soon becomes of t h e  o r d e r  of t h e  d e n s i t i e s  of t h e  
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o t h e r  m e m b e r s  of t h e  mixture .  

The gene ra l  r e s u l t s  f o r  t h e  whole r eg ion  are shown i n  

F igu re  2 .  I n  order  t o  avoid overcrowding, t h e  hyperons i n  t h i s  

graph have been grouped toge the r  i n  a s t r i p .  The rise of t h e  

d e n s i t i e s  of t h e s e  p a r t i c l e s  i s  so r a p i d  r i g h t  a f t e r  t h e  t h r e s h o l d s  

have been crossed t h a t  t h e  e f f e c t  of nondegeneracy can s a f e l y  be 

neg lec t ed .  The neutron Fermi energy i s  abou t  510 Mev when 

n - 6 x 10 c m  . All through t h e  r eg ion  of t h e  hyperon phase 

t h e  e l e c t r o n  number d e n s i t i e s  a r e  roughly t w o  t o  t h r e e  o r d e r s  of 

magnitude l o w e r  and t h e  p meson number d e n s i t i e s  are about  

t h r e e  t o  four o r d e r s  of magnitude lower than  t h e  neut ron  number 

d e n s i t i e s .  

3 0  -3 
n 

- 

Recently,  Bahca l l  and Wolf (1965) r a i s e d  t h e  q u e s t i o n  of t h e  

14 
presence  of pions even near  normal nuc lea r  d e n s i t i e s  (- 4 x 10 

gm/cm ) .  T h i s  i s  p o s s i b l e  only i f  p ions  have a s u f f i c i e n t l y  s m a l l  

e f f e c t i v e  mass. I f  p ro tons  and neut rons  w e r e  p r e s e n t  w i t h  e q u a l  

abundance, t h i s  might be r e a l i z e d .  However, b o t h  Bahca l l  and 

Ruderman, through r e c e n t  p r i v a t e  communications, i n d i c a t e d  t o  one 

of us  (Cameron) t h e i r  expec ta t ions  t h a t ,  under t h e  c o n d i t i o n s  i n  

which p ions  may be p r e s e n t  i n  a neut ron  star (where n /n 

s m a l l ) ,  t h e r e  will be a predominantly r e p u l s i v e  i n t e r a c t i o n  

between t h e  pions and neut rons .  This  would raise r a t h e r  t han  

l o w e r  t h e  e f f e c t i v e  mass of t h e  p ions ,  which makes it very  

3 

i s  q u i t e  
P n  
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u n l i k e l y  t h a t  pions w i l l  be p resen t  i n  neutron s t a r s .  

COMPOS1 TE EQUATION OF STATE 

As w e  go outward from t h e  c e n t e r  of a neut ron  s t a r ,  t h e  

d e n s i t y  decreases from t h e  c e n t r a l  va lue .  I f  t h e  c e n t r a l  d e n s i t y  

i s  h i g h e r  t han  about  10 gm/crn , w e  w i l l  have a mixture  of 

hyperons,  nucleons,  mesons and e l e c t r o n s  i n  t h e  c e n t r a l  r eg ion ,  

neutron-dominated in t e rmed ia t e  l a y e r s  (wi th  a s m a l l  admixture of 

p ro tons  and e l e c t r o n s ) ,  and outermost l a y e r s  of e l e c t r o n s  and heavy 

i o n s .  I n  t h i s  s e c t i o n  w e  cons ider  how t h e  p r e s s u r e  depends on 

d e n s i t y  i n  t h e s e  complex l a y e r s .  The equat ion  of  s t a t e  i s  most 

conven ien t ly  expressed as: 

15 3 

P = P  + P  ; € = €  + €  (10) KE PE KFI PE 

where P i s  t h e  t o t a l  p r e s s u r e ,  E i s  t h e  t o t a l  energy d e n s i t y  and 

t h e  s u b s c r i p t s  KE and PE s t a n d  f o r  t h e  k i n e t i c  and p o t e n t i a l  terms,  

r e s p e c t i v e l y .  The kine t i c  p a r t s  are expressed as 

= K c(-) % - ak (s inh t - tk) 
KE n k Mn 2 k 

tk 
K 

- ( s inh  t - 8 s i n h  - + 3 t k )  
k 2 

- -  
n 

where t h e  summation i s  taken over a l l  p a r t i c l e s  i n  ( 2 )  which are 

p r e s e n t ,  and 
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4 5  2 3  2 
K = M c /(32rr h ) =  5.117 x dynes/cm 

n n 

a = (21k+l) as g iven  i n  Equation ( 5 )  
k 

and t h e  remaining n o t a t i o n  i s  t h a t  g iven  i n  t h e  l a s t  s e c t i o n .  

Each t e r m  i n  Equation (11) corresponds t o  t h e  p a r t i a l  p r e s s u r e  

o r  p a r t i a l  energy d e n s i t y  ( inc lud ing  rest  m a s s  energy)  of 

completely degenera te  fermions k of a p a r t i c u l a r  k ind ,  and 

a p p l i e s  t o  both  n o n - r e l a t i v i s t i c  and r e l a t i v i s t i c  p a r t i c l e s .  

A t  t h e  p r e s e n t  t ime, t h e  behavior  of nuc lea r  f o r c e s  i n  

t h e  h igh  energy r eg ion  i s  n o t  w e l l  known. However, v a r i o u s  

models of n u c l e a r  p o t e n t i a l  near  t h e  r eg ion  of nuc lea r  d e n s i t y  

have been cons t ruc ted  by d i f f e r e n t  a u t h o r s  (Brueckner and G a m m e l  

1958; Brueckner, Gammel, and Kubis 1960; Sood and Moszkowski 

1960; de  Swar t  and Dullemond 1961; Serber 1964; and o t h e r s ) .  I n  

t h i s  paper ,  t h e  neutron-neutron p o t e n t i a l s  as in t roduced  by 

Levinger and Simmons (1961) w e r e  u t i l i z e d .  

Levinger and Simmons in t roduced  t h r e e  forms of p o t e n t i a l  

des igna ted  V V and V , b u t  due t o  t h e  poor f i t  i n  our r eg ion  

of m o s t  i n t e r e s t ,  V w a s  n o t  used i n  t h i s  paper .  The V i s  a 

square  w e l l  p o t e n t i a l  w i th  a t a i l  of t h e  Yukawa type ,  and t h e  

V i s  a complicated combination of exponen t i a l ly  decreas ing  

a’ p ’  Y 

U B 

Y 
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terms which i n  e f f e c t  g i v e  r i s e  t o  t h e  same kind of p r o p e r t i e s  

as V _ .  Both p o t e n t i a l s  V and V are w e l l  behaved, v e l o c i t y -  

dependent ,  and, w i t h  t h e  assumption of charge independence, a r e  

w e l l  f i t t e d  t o  t h e  S and D phase s h i f t s  from 20 t o  340 M e V .  

They are u t i l i z e d  i n  t h i s  paper. They c o n s i s t  of s t a t i c  and 

P $ Y 

1 1 

veloci ty-dependent  p a r t s  of the o rd ina ry  and exchange i n t e g r a l s .  

The o rd ina ry  s t a t i c  t e r m  V and t h e  o rd ina ry  veloci ty-dependent  

t e r m  tuo are g iven  i n  t h e  a n a l y t i c  forms - akf3 and Bk 

t i v e l y ,  where a and $ are p o s i t i v e  c o n s t a n t s  (which are 

d i f f e r e n t  f o r  V and V , and k i s  t h e  Fermi wave number, which 

is r e l a t e d  t o  number d e n s i t y  b y  

0 

respec-  5 
f '  

$ Y f 

3 2 n = kf / (3n ) - . 

On t h e  o t h e r  hand, t h e  exchange t e r m s  V 

(ve loc i ty-dependent )  depend on k i n  a complicated way. There- 

f o r e ,  t h e  p o t e n t i a l  terms of t h e  equat ions  of s ta te  are conven ien t ly  

( o r d i n a r y )  and we 
e 

f 

expressed  as: 

3 = nV(n) = (-akf3 + $kf5 + 0.7V - 2 w  ) c n  ergs/cm PE e e 8 

2 -2 %)IC dynes/cm e d V  

PE avo an =[: (-3akf3+5@kf5)+n2(0.7 - an  an , .- 
= n  

(14)  

where V(n) is t h e  Levinger-Simmons p o t e n t i a l  energy per p a r t i c l e ,  
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and 

-6 c = 1.602 x 10 e r g  s/Mev 

a = 1.3a 1l  i3 = 4a2 

a = 3.02, a = 0.045 f o r  V (Mev) 
1 2 B 

a = 4.02, a = 0.28 f o r  V ( M e V )  
1 2 Y 

(15) 

The t o t a l  baryon number d e n s i t y  n i s  

n = 1 nb 
b 

(b denotes  a l l  baryons which are p r e s e n t ) .  (16)  

n i s  re la ted t o  t through t h e  l a s t  equat ion  i n  ( 1 2 ) .  V and 

IOJ w e r e  determined numerical ly  i n  t h e  reg ion  0 s k * 2 (Levinger 

and Simmons 1961). 

b b e 

e f 

These va lues  w e r e  p l o t t e d  a g a i n s t  k, and t h e  
L 

. For kf  > 2,  a w e  and - ave s l o p e s  have been used t o  determine - an an 

t h e  r e s u l t s  were e x t r a p o l a t e d .  This  procedure i s  j u s t i f i e d  because 

V and u) a r e  n e g l i g i b l e  f o r  k 2 3,  as compared w i t h  t h e  o t h e r  

t e r m s .  (kf is expressed i n  f , where f i s  i n  f e rmis ,  10 c m . )  

e e f 
-1 - 13 

The t o t a l  energy pe r  p a r t i c l e  i s  p l o t t e d  a g a i n s t  d e n s i t y  i n  

F igu re  3 ,  f o r  t h e  Levinger-Simmons V and V p o t e n t i a l s ,  t h e  Skyrme 

p o t e n t i a l  and S a P p e t e r ' s  p o t e n t i a l .  

B Y 
gm/cm3 I 

15 For 1013 < p < 10 

t h e  p o t e n t i a l s  a r e  a t - t r a c t i v e  and t h e  t o t a l  energy i s  less than  

3 
t h e  case f o r  t h e  n o n i n t e r a c t i n g  p a r t i c l e s .  For p > 10 l5 gm/cm , 

t h e  r e p u l s i v e  t e r m s  become dominant. I n  most of t h e  r eg ion  of 
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a t t r a c t i v e  p o t e n t i a l  V i s  somewhat lower than  V b u t  t h e  
Y B '  

r e p u l s i v e  t e r m  of V i s  much l a r g e r  than  t h a t  of t h e  V . Nuclear 
Y B 

13 3 p o t e n t i a l s  are n e g l i g i b l e  f o r  p < 10 g d c m  . 
I n  t h e  above equa t ions ,  the  p o t e n t i a l  terms w e r e  expressed 

as f u n c t i o n s  of t o t a l  baryon number d e n s i t y .  This  imp l i e s  t h a t  

w e  have a p p l i e d  t h e s e  p o t e n t i a l  i n t e r a c t i o n s  between baryons with-  

o u t  d i s t i n c t i o n  as t o  t h e  type  of baryon. A t  t h e  p r e s e n t  t i m e  

g e n e r a l  baryon i n t e r a c t i o n  p o t e n t i a l s  are n o t  known p rope r ly ,  s o  

t h e  u s e  of V and V i n  t h i s  way corresponds t o  s lowly and r a p i d l y  

i n c r e a s i n g  r e p u l s i v e  t e r m s  among baryons a t  h igh  d e n s i t i e s .  
B Y 

A t  d e n s i t i e s  less than  o r  equal  t o  nuc lea r  d e n s i t y ,  t h e  

c h a r a c t e r  of nuc lea r  f o r c e s  i s  reasonably w e l l  known and i s  g iven  

t o  a rough approximation by e i t h e r  of t h e  two p o t e n t i a l s  adopted 

h e r e ,  and t h e  composition of the  matter i s  mostly neu t rons ,  f o r  

which t h e  p o t e n t i a l s  were o r i g i n a l l y  cons t ruc t ed .  A t  much g r e a t e r  

than  nuc lea r  d e n s i t y  many d i f f e r e n t  types  of baryons a r e  

p r e s e n t ,  and t h e  r a p i d i t y  w i t h  which nuc lea r  f o r c e s  t u r n  r e p u l s i v e  

i s  ve ry  s p e c u l a t i v e .  Therefore ,  t h e  two p o t e n t i a l s  V and V 

tend  t o  span a range of poss ib l e  behavior  of t h e  nuc lea r  f o r c e s  

a t  h igh  d e n s i t i e s  and t h e  d i f f e r e n c e s  i n  t h e  neut ron  star models 

which r e s u l t  from t h e  adopt ion of one o r  t h e  o t h e r  of t h e s e  

p o t e n t i a l s  w i l l  g i v e  an i n d i c a t i o n  of t h e  u n c e r t a i n t y  due t o  l ack  

of knowledge i n  t h i s  f i e l d .  

B Y 



I - 20 - 

I n  t h e  above equat ions  of s ta te ,  bosons are n o t  i nc luded ,  

because t h e  only bosons cons idered  and l i s t e d  i n  ( 2 )  are n e g a t i v e  

p ions ,  which a r e  most u n l i k e l y  t o  e x i s t  a t  d e n s i t i e s  below about  

3 
gm/cm , whi le  t h e  equa t ion  of s ta te  becomes independent of 

composition and t h e  above Levinger-Simmons type  equat ions  of 

s t a t e  cease t o  be v a l i d  long be fo re  such h igh  d e n s i t i e s  are reached.  

This  r e s t r i c t i o n  i s  imposed due t o  t w o  reasons .  One i s  t h a t  i n  

t h e  case of a p e r f e c t  f l u i d  t h e r e  i s  a r e l a t i v i s t i c  l i m i t a t i o n  on 

t h e  p r e s s u r e  t h a t  it cannot  exceed one- th i rd  of t h e  proper  energy 

d e n s i t y  (Landau and L i f s h i t z  1959) .  The o t h e r  more g e n e r a l  

r e s t r i c t i o n  which may apply i n  a f l u i d  w i t h  a n i s o t r o p i c  p r o p e r t i e s  

i s  t h a t  t h e  pressure  cannot  exceed t h e  energy d e n s i t y  (Ze l ' dov ich  

1962) .  I f  t h i s  w e r e  t o  be v i o l a t e d  t h e  speed of sound would 

exceed t h e  speed of l i g h t  i n  t h e  medium. Accordingly,  t h e  

Levinger-Simmons equat ions  of s ta te  w e r e  c u t  o f f  w i th  one of 

t h e s e  p re s su re  s a t u r a t i o n  c o n d i t i o n s  a t  t h e  h igh  d e n s i t y  l i m i t .  

I n  order  t o  determine t h e  composite equat ion  of s t a t e  as 

desc r ibed  above, w e  m u s t  know t h e  equ i l ib r ium composi t ion as a 

f u n c t i o n  of dens i ty .  T o  examine t h i s  problem, l e t  us go back t o  

F igu re  2 .  I n  reg ion  ( I )  t h e  nuc lear  abundances as c a l c u l a t e d  i n  

a s e p a r a t e  paper (Tsuru ta  and Cameron 1965) are v a l i d .  I n  t h e  h ighe r  

d e n s i t y  region marked (111) t h e  hyperonic  mixture  as obta ined  

i n  t h e  l a s t  s e c t i o n  a p p l i e s .  Care may have t o  be taken  i n  d e a l i n g  

~ 
~ ~~ ~ 
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w i t h  t h e  in t e rmed ia t e  r eg ion  marked (11). When t h e  d e n s i t y  

11 3 
is  abou t  3 x 10 gm/cm ( t h e  po in t  marked (a )  i n  F igure  2 )  t h e  

e l e c t r o n  Fermi energy is  about 23 Mev and n u c l e i  such as  120sr 

w i l l  coexist  w i th  f r e e  neut rons .  

bo rde r  ( b ) ,  where t h e  d e n s i t y  i s  about  8 x 1013 gm/cm , a l l  t h e  

By t h e  t i m e  w e  a r r i v e  a t  t h e  

3 

heavy n u c l e i  are expected t o  have d isappeared ,  leav ing  neu t rons ,  

p ro tons  and e l e c t r o n s  i n  equi l ibr ium.  The exact behavior  of t h e  

t r a n s i t i o n  i n  t h i s  r eg ion  is q u i t e  complicated,  b u t  t h e  s a m e  

p r i n c i p l e s ,  t h e  conse rva t ion  of  t o t a l  energy,  charge and number 

of p a r t i c l e s ,  c o n t r o l  t h e  equi l ibr ium i n  t h i s  r eg ion .  To p reven t  

a d i scon t inuous  change i n  the i o n  number d e n s i t i e s ,  it w a s  assumed 
- 

t h a t  t h e  average charge Z changes from 38  t o  1 i n  a smooth way 

from p o i n t  ( a )  t o  p o i n t  ( b ) .  Then, t h e  average i o n i c  charge i s  

e x p r e s s e d  as: 

where 

i s  t h e  d e n s i t y  a t  ( a ) ,  and p is  t h e  d e n s i t y  a t  ( b ) .  
p 1  2 

S t r i c t l y  speaking e l e c t r o n  d e n s i t y  i n c r e a s e s  s l i g h t l y  as w e  

go from (a )  t o  (b) wi th  an inc rease  of neut ron  d e n s i t y ,  b u t  t h i s  

r i se  i s  n e g l i g i b l e  and n o t  apprec i ab le  i n  F igu re  2 .  This  i s  

because t h e  major pa r t  of  t h e  extra  energy d e n s i t y  a s  w e  go from ( a )  t o  
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( 1 6 )  are v a l i d  i n  t h i s  r eg ion  wi th  k = n , p , e  and n = n +n . The 

c o n t r i b u t i o n  of i n t e r a c t i o n s  between e l e c t r o n s  i s  always n e g l i g i b l e  

i n  t h e  problem of neutron stars ( S a l p e t e r  1961) and hence such 

t e r m s  are not inc luded  i n  t h e  above equa t ions .  I n  t h i s  l o w  

d e n s i t y  reg ion  t h e  main c o n t r i b u t o r  t o  p r e s s u r e  i s  e l e c t r o n s  o r  

neu t rons .  The e f f e c t  of t h e  presence of heavy n u c l e i  appears  i n  

n P  

I 

(b)  goes t o  neutron d e n s i t y .  F igure  2 a l s o  i n d i c a t e s  t h a t  t h e r e  i s  

a r ise  i n  the t o t a l  i o n  number d e n s i t y  as t h e  average i o n i c  charge  

changes from 3 8  t o  1. 

13 3 
I n  t h e  lower d e n s i t y  r eg ion  p s 8 x 10 gm/cm it i s  more 

convenient  i f  t h e  matter d e n s i t y  p ,  as de f ined  below, i s  used 

as a f r e e  parameter. I 
1 

p = 1 {[n n +(A-Z)nk(A,Z)]mn+[np+Znk(A,Z) J P  Im }+n e e  m (18) 
k 

k r e p r e s e n t s  a l l  n u c l e i  of apprec i ab le  abundance. Then t h e  

energy dens i ty  i s  expressed as 

6 = s*+ BPE + p - n m  - n m  - n m  n n  P P  e e  

The rest m a s s  d e n s i t y  of p , e , n  must be s u b t r a c t e d  because b o t h  

8 and p inc lude  them. 6 is  g iven  by (11) w i t h  k = n , P , e ;  CPE KE KE 

is  g iven  by (14) wi th  n = n +n . The abundances of d i f f e r e n t  

p a r t i c l e s  as a f u n c t i o n  of d e n s i t y  w e r e  taken from Tsuru ta  and 

n P  

Cameron ( 1 9 6 5 ) .  The expres s ions  f o r  p r e s s u r e  i n  Equat ions (10) - 
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t h e  d e n s i t y  b u t  no t  i n  t h e  pressure .  

13  3 
For t h e  r eg ion  p > 8 x 10 gm/cm t h e  composite equa t ions  

of state  as desc r ibed  above are m o s t  e a s i l y  so lved  by choosing tn j  

t h e  r e l a t i v i s t i c  parameter f o r  neutrons as de f ined  i n  Equation ( 1 2 1 ,  

as our  f ree  parameter. 

The s o l i d  curves  i n  F igu re  4 r e p r e s e n t  t h e  f i n a l  composite 

e q u a t i o n s  of s t a t e  of type  V and V . The n e a r l y  s t r a i g h t  l i n e  

i n  t h e  lower d e n s i t y  r eg ion  corresponds t o  t h e  e lec t ron-nucleus  

c o n f i g u r a t i o n .  Even though it is  n o t  appa ren t  from t h e  graph,  

t h i s  l i n e  i s  found t o  be s l i g h t l y  b e n t  downward i f  w e  examine i t  

more c a r e f u l l y ,  which i s  due t o  t h e  dec rease  of Z/A w i t h  t h e  i n c r e a s e  

i n  d e n s i t y  i n  t h i s  r eg ion .  I n  high d e n s i t y  r e g i o n s  ( p  > 10 gm/cm3) 

t h e  asymptot ic  equat ion  P = E i s  seen  t o  be approached. The d i f f e r e n c e  

between t h e  two p o t e n t i a l s  V and V i s  apparent  i n  t h e  most 

i n t e r e s t i n g  r eg ion  of 10 < p 6 10 gm/cm . 

B Y 

16 

B Y 
13 16 3 

GENERAL RELATIVISTIC EQUATIONS OF HYDROSTATIC EQUILIBRIUM 

The most g e n e r a l  s t a t i c  l i n e  element e x h i b i t i n g  s p h e r i c a l  

symmetry may be expressed i n  the  fol lowing form (Tolman 1934): 

2 -  d r 2  - r 2 2  df3 - r 2 2  s i n  8 dcp2 + e V W d t 2  ds - -e 

(19)  

For t h i s  l i n e  element and w i t h  the  assumption t h a t  t h e  matter 

s u p p o r t s  no t r a n s v e r s e  stresses and has  no mass motion, t h e  g e n e r a l  
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r e l a t i v i s t i c  equa t ions  of h y d r o s t a t i c  equ i l ib r ium are  expressed 

as (Oppenheimer and Volkoff 1939) : 

(P+S) 3 (4nr P+U ( r )  ) dP 
d r  r ( r - 2 U ( r )  ) 
- = -  

where P i s  the  p r e s s u r e  and 8 i s  t h e  macroscopic energy d e n s i t y  

both  measured i n  proper  coord ina te s ,  and U ( r )  i s  t h e  g r a v i t a t i o n a l  

m a s s  contained w i t h i n  a sphere  of r a d i u s  r .  The g r a v i t a t i o n a l  

m a s s  of t h e  s t a r ,  M I  i s  obta ined  by i n t e g r a t i n g  ( 2 0 )  f r o m  t h e  

c e n t e r  t o  R ,  t h e  r a d i u s  of t h e  s t a r ,  where P = 0. 

I n  t h i s  s e c t i o n ,  w e  use  t h e  fol lowing system of u n i t s  u n l e s s  

o therwise  s t a t e d :  t h e  u n i t s  f o r  which 

c = G = l  

(c i s  t h e  v e l o c i t y  of l i g h t  and G i s  t h e  g r a v i t a t i o n a l  c o n s t a n t ) ,  

and 

4 5  

) = K = 1/4n n 32rr h 

The q u a n t i t i e s  i n  t h i s  system of u n i t s  are conver ted  t o  t h o s e  i n  

cgs  u n i t s  b y  mul t ip ly ing  them by t h e  fol lowing convers ion  f a c t o r s :  
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I length:  

mass: 

6 -5 c m  = 13.7 km - 10 
3/2 c A 

n n 

- 
r = 2J21-r (G) a = 1.37 x 10 Ro 0 

2 34 m = r c /G = 1.85 x 10 g m  = 9.29Mg 
0 0 

4 5  2 3  36 2 p r e s  s u r  e : P = (Mn c /32n h )4n = 6.46 x 10 dynes/cm 
0 

2 15 = P /c = 7.15 x 10 gm/cm3 
0 

d e n s i t y  : 

The g r a v i t a t i o n a l  mass M as de f ined  earlier i s  t h e  m a s s  of 

t h e  star as perce ived  by a d i s t a n t  observer .  This  d i f f e r s  from 

t h e  proper  mass, which i s  t h e  mass t h e  s ta r  would have i f  i t s  

par t ic les  w e r e  d i s p e r s e d  t o  i n f i n i t y .  

p roper  t i m e  i n t e r v a l s  i n  a g r a v i t a t i o n a l  f i e l d  are  determined 

from: 

The proper  d i s t a n c e  and 

dr = &grr d r  
P 

where 
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where p i s  t h e  chemical p o t e n t i a l  a t  t h e  s u r f a c e  and p ( r )  i s  t h e  

chemical p o t e n t i a l  a t  d i s t a n c e  r ,  which can be expressed  as: 

S 

= M(56,26)/56 
IJ-S 

56 
M(56,26) i s  t h e  mass of a f r e e  atom of Fe,  and n i s  t h e  t o t a l  

baryon number d e n s i t y .  The proper  m a s s  M i s  ob ta ined  by i n t e g r a -  

t i n g  t h e  following d i f f e r e n t i a l  equat ion:  

P 

r d M  

d r  = 411pr2 ( r - 2 U ( r )  (25) 

p i s  t h e  matter  d e n s i t y  as de f ined  by Equation ( 7 )  o r  (18). The 

t o t a l  binding energy i n  m a s s  u n i t s  % is obta ined  by i n t e g r a t i n g  

t h e  following: 

I t  i s  evident  t h a t  t h e  s o l u t i o n  of t h e  d i f f e r e n t i a l  equa t ions  

(201, ( 2 1 ) ,  ( 2 5 ) ,  and (26) depends only on t h e  equa t ion  of s t a t e  

and on t h e  boundary c o n d i t i o n s  a t  t h e  c e n t e r .  

Examining t h e  express ion  of t h e  l i n e  element i n  Equat ions 

(19)  and ( 2 3 )  we no te  t h a t  t h e  fol lowing i n e q u a l i t y  must be 

f u l f i l l e d  f o r  any r ea l  s o l u t i o n s :  
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R > RG = 2GM/c2 = 2.94 (M/M ) i n  u n i t s  of km. 
0 

(27 )  

The l i m i t i n g  r a d i u s  R i s  c a l l e d  t h e  " g r a v i t a t i o n a l  r a d i u s " .  

When R = RG, a s i n g u l a r i t y  occurs .  

t h e  Schwarzschild s i n g u l a r i t y .  On t h i s  s u r f a c e ,  t h e  t i m e  metric 

van i shes ,  t h e  c u r v a t u r e  of space becomes i n f i n i t e  and no l i g h t  

e m i t t e d  from t h i s  s u r f a c e  w i l l  reach us .  Hence, w e  w i l l  f a c e  a 

s e r i o u s  problem i f  the s o l u t i o n  of t h e  above equ i l ib r ium equa t ions  

g i v e s  rise t o  a r a d i u s  less than or e q u a l  t o  t h e  g r a v i t a t i o n a l  

r a d i u s .  

G 

This  s i n g u l a r i t y  i s  c a l l e d  

I n  t h e  problem of neutron s tars ,  another  i n t e r e s t i n g  q u a n t i t y  

is  t h e  g r a v i t a t i o n a l  red s h i f t  which i s  obta ined  from: 

RESULTS 

The equ i l ib r ium equat ions  (201, ( 2 1 1 ,  (251, and (26)  have 

been i n t e g r a t e d  numerical ly  with t h e  a i d  of the 7094 computer,  

f o r  each  of about  120 i n i t i a l  values  of c e n t r a l  d e n s i t y  i n  the 

range  10 4 6 4 10 gm/cm , fo r  each of  t h e  composite equa t ions  

of s ta te  of type  V and V w i t h  t h e  p r e s s u r e  s a t u r a t i o n  c o n d i t i o n  

P s E .  Addi t iona l  i n t e g r a t i o n s  w e r e  c a r r i e d  o u t  f o r  t h e  same 

6 C 26 3 

B Y 
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composite equat ions of s t a t e  b u t  w i t h  a d i f f e r e n t  p r e s s u r e  satura-  

t i o n  cond i t ion ,  P 5 e / 3 .  The i n t e g r a t i o n s  w e r e  t e rmina ted  a t  

C 
t h e  p o i n t  where  log s = 0.  ( s  i s  t h e  c e n t r a l  energy d e n s i t y . )  

The c h a r a c t e r i s t i c  f e a t u r e s  of t h e  r e s u l t i n g  models of t h e  

type  VB and V 

g iven  i n  Tables 1 and 2 .  S i m i l a r  r e s u l t s  w e r e  ob ta ined  f o r  t h e s e  

models w i t h  t h e  r e s t r i c t i o n  P K s / 3 .  The g r a v i t a t i o n a l  and 

w i t h  t h e  asymptot ic  equa t ion  of s t a t e  P = s are 
Y 

proper  masses of t h e s e  models (both  w i t h  P c s and P c /3)  are 

p l o t t e d  as func t ions  of t h e  c e n t r a l  matter d e n s i t y  p i n  F igu re  5 .  

The p o i n t s  where t h e  r e s p e c t i v e  form of t h e  asymptot ic  equa t ions  

of s t a t e  s t a r t  t o  become a p p l i c a b l e  are marked by c r o s s e s .  I t  i s  

clear  t h a t  the  i n d i v i d u a l i t y  of t h e  c o n s t i t u e n t  p a r t i c l e s  becomes 

i n d i s t i n g u i s h a b l e  f o r  p b 10 gm/cm . The models l y i n g  a long  

t h e  l o w e r  branch of t h e  p r i n c i p a l  m a s s  peak are stable,  wh i l e  t h e  

models beyond t h i s  p o i n t  are uns t ab le  (Tsuru ta  1965 , Har r i son ,  

Thorne, Wakano and Wheeler 1965) .  Hence, t h e  e f f e c t  of t h e  p r e s s u r e  

s a t u r a t i o n  cond i t ion  P 4 E: o r  P c s / 3  i s  n e g l i g i b l e  f o r  most of 

t h e  stable neutron stars. However, d i f f e r e n t  assumptions of t h e  

p r e s s u r e  s a t u r a t i o n  cond i t ion  g i v e  rise t o  a s m a l l  s h i f t  i n  t h e  

v a l u e s  of mass I r a d i u s ,  e tc .  I f o r  models near  and above t h e  

p r i n c i p a l  mass peak. A s m a l l  local  m a s s  peak i s  observed i n  t h e  

in t e rmed ia t e  r eg ion  between t h e  r eg ions  of wh i t e  dwarfs  and neut ron  

stars. This i s  t h e  r eg ion  where w e  assumed a smooth b u t  c rude  

C 
I 

C 16 3 
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d i s s o l u t i o n  of i o n s  i n t o  nucleons. The r e a l i t y  of t h i s  s m a l l  

peak i s  ques t ionab le  and r e q u i r e s  f u r t h e r  i n v e s t i g a t i o n .  W e  

conven ien t ly  use  t h e  expres s ion  ' ' p ressure  s a t u r a t i o n  cond i t ion"  

t o  r e f e r  t o  t h e  phenomenon t h a t  t h e  p r e s s u r e  i s  n o t  allowed t o  go 

beyond c e r t a i n  l i m i t s  which are func t ions  of energy d e n s i t y .  

" I d e a l "  g a s  models r e f e r  t o  models c o n s i s t i n g  of non- in t e rac t ing  

p a r t i c l e s ,  and ' ' r ea l "  g a s  models r e f e r  t o  t h e  models f o r  which some 

i n t e r a c t i o n  p o t e n t i a l  between baryons i s  assumed. 

The mass-radius r e l a t i o n  for  t h e  e n t i r e  range of c e n t r a l  

d e n s i t y  i s  shown i n  F igu re  6. The p o r t i o n  marked (I)  belongs t o  

t h e  wh i t e  dwarf r eg ion .  Around t h e  r eg ion  marked (11) l i e  a series 

of models i n  t h e  in t e rmed ia t e  region where i n v e r s e  beta p rocesses  

change t h e  equ i l ib r ium composition r a p i d l y  w i t h  change of d e n s i t y .  

Around t h e  r eg ion  marked (111) lie neut ron  and hyperon stars. The 

s o l i d  cu rves  r e p r e s e n t  o u r  "real" g a s  models of  V and V type ,  

and t h e  dashed curve  marked ( a )  and t h a t  marked (b) r e p r e s e n t  t h e  

" ideal"  g a s  and ' ' r e a l "  g a s  models cons t ruc t ed  by Ambartsumyan and 

Saakyan (1962a) ,  r e s p e c t i v e l y .  The masses are s i g n i f i c a n t l y  i n c r e a s e d  

B Y 

when t h e  nuc lea r  f o r c e s  are taken i n t o  account .  I n  t h e  absence of 

n u c l e a r  f o r c e s ,  t h e  maximum m a s s  of neut ron  stars is only about  0.67 

of  t h e  mass of t h e  sun,  wh i l e  i t  can  be as l a r g e  as t w i c e  t h e  solar  

mass i n  t h e  presence  of nuc lear  f o r c e s .  

The r a d i u s  of t h e  models of type  V and V i s  plot ted as a 
B Y 

f u n c t i o n  of c e n t r a l  energy dens i ty  i n  F igu re  7 .  A t  t h e  p o i n t s  
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marked D ,  t h e  models are as l a r g e  as some of wh i t e  d w a r f s .  The 

d e n s i t y  a t  t h e  c e n t e r  of t h e s e  models i s  about  4 - 7 x 10 

These models have t h e  i n t e r e s t i n g  c o n f i g u r a t i o n  of a s m a l l  c e n t r a l  

c o r e  of neutrons (wi th  small  concen t r a t ion  of e l e c t r o n s  and p r o t o n s )  

surrounded b y  huge envelopes c o n s i s t i n g  of  e l e c t r o n s  and heavy n u c l e i ,  

whose exact composition changes from l a y e r  t o  l a y e r  as w e  approach 

t h e  s u r f a c e .  W e  s h a l l  c a l l  t h e s e  envelopes "e lec t ron-nucleus"  

envelopes.  The p o s s i b l e  e x i s t e n c e  of t h e s e  extended envelopes of 

e l e c t r o n s  and heavy i o n s  w a s  f i r s t  suggested by Hamada and S a l p e t e r  

(1961) and i s  confirmed i n  t h i s  paper .  Other p o i n t s  marked by 

c r o s s e s  and l e t t e r  symbols are some of t h e  c r i t i c a l  p o i n t s  as 

de f ined  i n  Table 3 .  The r a d i u s - c e n t r a l  d e n s i t y  r e l a t i o n  i n  t h e  

r eg ion  of neutron and hyperon stars i s  shown i n  an en larged  scale 

i n  F igu re  8. The " i d e a l "  gas  models are a l s o  shown f o r  comparison. 

W e  n o t e  t h a t  t h e  e f f e c t  of t h e  presence of  nuc lea r  f o r c e s  on 

s t e l l a r  radius i s  n o t  so s i g n i f i c a n t  as t h a t  on m a s s .  

13 3 
gm/cm . 

W e  have observed i n  ear l ier  f i g u r e s  v a r i o u s  c r i t i c a l  p o i n t s  

where major and minor m a x i m a  and minima i n  masses and r a d i u s  occurred  

These p o i n t s  a r e  marked by le t te r  symbols A , B  C ,  e t c . ,  i n  t h e  

order of i nc reas ing  d e n s i t y ,  i n  F igu re  9.  The n a t u r e  and charac-  

t e r i s t i c  f e a t u r e s  of each c r i t i c a l  p o i n t  are summarized i n  Table 3 .  

One of t h e  m o s t  i n t e r e s t i n g  p r o p e r t i e s  of c o l d  dense stars i s  t h a t  

t h e  s t e l l a r  parameters such as mass, t o t a l  baryon number, r a d i u s ,  
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b ind ing  energy, components of metr ic  t e n s o r ,  e tc . ,  e x h i b i t  damped 

o s c i l l a t i o n s  as func t ions  of c e n t r a l  d e n s i t y  of t h e  star.  To 

examine t h e  behavior  of t h e s e  o s c i l l a t i o n s  more c l o s e l y ,  t h e  

ampl i tude  f a l l - o f f  f a c t o r  and t h e  peak-to-trough s e p a r a t i o n s  f o r  

each c r i t i c a l  p o i n t  of t h e  o s c i l l a t i o n  of mass a t  s u f f i c i e n t l y  

h igh  d e n s i t i e s  w e r e  c a l c u l a t e d  f o r  our models of t h e  V and V 

type  w i t h  t h e  asymptot ic  equat ion of s ta te  P = E. 

P Y 
These v a l u e s  are 

l i s t e d  i n  t h e  l as t  two columns of Table 3 .  T h e o r e t i c a l  v a l u e s  

of t h e s e  q u a n t i t i e s  w e r e  p red ic t ed  by Harr i son ,  Thorne, Wakano 

and Wheeler (1965) t o  be 

Amplitude f a l l - o f f  f a c t o r  = exp (rra/f3) = 3.95 f o r  y = 4/3(P = s/3) 

and = 6.147 f o r  y = 2(P = 8 )  

and 
C 

Alog10 8 = 2 x 0.4343 rr/p = 1.59 f o r  y = 4/3(P = c/3) 

and = 1.578 f o r  y = 2(P = E), 

3 1\ where 
a = 5 - (7) 

1/2 - ] , y = t h e  adiabatic exponent 
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A t  s u f f i c i e n t l y  high d e n s i t i e s  t h e  approximation P = E should be 

v a l i d  f o r  our real  gas  models of V and V shown i n  Table 3 .  The 

agreement between o u r  r e s u l t s  and t h e  t h e o r e t i c a l  v a l u e s  i n  

Equat ions (29)  and (30 )  i s  q u i t e  s a t i s f a c t o r y  w i t h i n  t h e  estimated 

o rde r  of accuracy. 

r a d i u s  and mass f o r  t h e  V models w i t h  P < E. W e  see t h a t  t h e  

o s c i l l a t i o n  of rad ius  is  somewhat o u t  of phase wi th  t h e  o s c i l l a t i o n  

of mass. 

P Y 

Figure  9 shows t h e  damped o s c i l l a t i o n s  of 

Y 

To show t h e  e f f e c t  of having a composite hyperonic  mixture ,  

t h e  composite models and models c a l c u l a t e d  f o r  a pure  neut ron  

c o n f i g u r a t i o n  are drawn t o g e t h e r  i n  F igu re  10.  The presence  of 

o t h e r  subatomic p a r t i c l e s  lowers t h e  p a r t i a l  p r e s s u r e  of t h e  

neu t rons ,  and, consequent ly ,  smaller s t e l l a r  masses are expected 

f o r  t h e  r e s u l t i n g  composite models t han  f o r  t h e  pure  neut ron  stars. 

This  e f f e c t  of composition, however, i s  seen  t o  be very s m a l l  as 

compared w i t h  some o t h e r  e f f e c t s  such as t h e  e f f e c t  of nuc lea r  

f o r c e s .  

The i n t e r n a l  d i s t r i b u t i o n  of matter i s  shown i n  F igu re  11 f o r  

s i x  models of i n t e r e s t .  The i r  p r o p e r t i e s  are g iven  i n  Table 4. 

The models marked (1) c o n t a i n  about  0.2 s o l a r  m a s s  and c o n s i s t  

of l a r g e  b u t  condensed c o r e s  of neut rons  surrounded by l a r g e  

envelopes of e l e c t r o n s  and n u c l e i .  The envelopes are about  1/3 

i n  wid th  of t he  t o t a l  s te l la r  r a d i u s .  However, such envelopes 
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14 3 q u i c k l y  d iminish  f o r  s l i g h t l y  denser  stars of - 4 x 10 gm/cm and 

they are never impor tan t  f o r  models w i th  h ighe r  d e n s i t i e s .  The 

i n t e r n a l  d i s t r i b u t i o n  of matter f o r  stars denser  t han  t h i s  i s  almost 

c o n s t a n t  u n t i l  t h e  d e n s i t y  goes beyond c 10 gm/cm . For 

h i g h e r  d e n s i t i e s  matter starts t o  accumulate near  t h e  c e n t e r  and t h e  

d e v i a t i o n  from homogeneity becomes s e r i o u s .  For models w i t h  

c B 10 gm/cm t h e  a d d i t i o n a l  d e n s i t y  appears  only a t  t he  c e n t e r ,  

l eav ing  t h e  rest of t h e  i n t e r i o r  p r a c t i c a l l y  i n t a c t .  For i n s t a n c e ,  

C 19 24 t h e  model of c - 10 gm/cm3 and t h a t  of cc - 10 gm/cm3 w i t h  

t h e  same equat ion  of s ta te  have p r a c t i c a l l y  t h e  same i n t e r n a l  and 

e x t e r n a l  s t r u c t u r e ,  except  a t  t h e  center. 

C 17 3 

C 18 3 

The i n t e r n a l  d i s t r i b u t i o n s  of va r ious  s t e l l a r  parameters  are 

g iven  i n  Table 5 ,  f o r  two models of type  V , t h e  one l y i n g  j u s t  

below and t h e  o t h e r  j u s t  above t h e  p r i n c i p l e  neut ron  mass peak. 

I t  i s  i n t e r e s t i n g  t o  no te  t h a t  t h e  binding energy i s  nega t ive  i n  

t h e  c e n t r a l  core b u t  it becomes p o s i t i v e  i n  t h e  o u t e r  l a y e r s .  

Y 

The i n t e r n a l  d i s t r i b u t i o n  of the r a d i a l  and t i m e  metrics - grr ( r )  

and g ( r )  f o r  " i d e a l "  g a s  models w e r e  s t u d i e d  by Ambartsumyan and 

Saakyan (196233). By comparing t h e i r  r e s u l t s  w i th  our  r e s u l t s  f o r  

t h e  ' ' r e a l "  g a s  models shown i n  Tables 1, 2 ,  and 5 ,  it i s  obvious 

t h a t  t h e  non-Euclidean n a t u r e  of space is  more s t r o n g l y  pronounced 

b o t h  i n  t h e  i n t e r i o r  and on t h e  s u r f a c e  when nuc lea r  f o r c e s  are 

t aken  i n t o  account .  

44 
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I 
surrounded by t h i n  o r  n e g l i g i b l e  envelopes of e l ec t ron -nuc lea r  

When the  c e n t r a l  d e n s i t y  of neut ron  stars i s  h i g h e r  t han  

I conf igu ra t ion .  These stars w e r e  called neut ron  s t a r  models i n  

15 ord ina ry  nuc lear  d e n s i t i e s  b u t  i s  less than about  10 gm/cm3, 

they are gene ra l ly  composed of a condensed neutron-dominant c o r e  

our  d i scuss ion .  The stars of d e n s i t i e s  h ighe r  t han  t h i s  c o n s i s t  

of a condensed hyperon-dominant c o r e  surrounded by t h i n  neut ron  

dominant ou te r  l a y e r s .  These are c a l l e d  hyperon stars i n  t h i s  

paper .  The e l ec t ron -nuc lea r  envelopes are always n e g l i g i b l e  f o r  

t h e s e  hyperon stars.  

DISCUSS1 ON 

It may be noted t h a t  some of t h e  c h a r a c t e r i s t i c s  of dense 

stars depend g r e a t l y  n o t  only on t h e  presence  of nuc lea r  forces 

b u t  a l so  on t h e  exact form of t h e s e  f o r c e s .  For i n s t a n c e ,  b o t h  

t h e  r a d i i  and masses of t h e  V type  models of dense neut ron  and 

hyperon stars are about  t w i c e  as l a r g e  as t h e  corresponding v a l u e s  

of t h e  V type models. I t  i s  most d e s i r a b l e  t o  f u r t h e r  improve 

t h e  n u c l e a r  equat ion  of s ta te  i n  t h e  c r i t i c a l  r eg ion  of 

Y 

B 

1014. 5 16.5 3 
4 p 4 1 0  g d c m  . 

It i s  g r a t i f y i n g  t h a t  t h e  e f f e c t  of t h e  exact composition of 

t h e  hyperonic mixture i s  so s m a l l .  Even i f  t h e  t h r e s h o l d  d e n s i t y  

of t h e  appearance of some of t h e  mesons and hyperons i s  s h i f t e d  

t o  as l o w  as o rd ina ry  nuc lea r  d e n s i t y ,  t h e  r e s u l t i n g  change of 
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composi t ion w i l l  no t  s e r i o u s l y  a f f e c t  t h e  major p r o p e r t i e s  of c o l d  

m o d e l s  of neut ron  and hyperon stars repor t ed  i n  t h i s  paper u n l e s s  

t h e r e  i s  a large accompanying change i n  t h e  i n t e r a c t i o n  p o t e n t i a l s .  

There are c e r t a i n  p h y s i c a l  v a r i a b l e s  whose va lues  are g r e a t l y  

a f f e c t e d  by t h e  presence of nuc lear  f o r c e s  b u t  are r e l a t i v e l y  

i n s e n s i t i v e  t o  t h e  exact form of t h e  nuc lea r  p o t e n t i a l .  These are 

t h e  v a r i a b l e s  which depend on t h e  r a t i o  of m a s s  t o  r a d i u s .  For 

i n s t a n c e ,  t h e  r e d  s h i f t s  of b o t h  t h e  v and V type  models are about  

t w o t o  t h r e e  t i m e s  as l a r g e  as t h e  corresponding va lues  f o r  t h e  

" i d e a l "  g a s  models. The maximum r e d  s h i f t  and t h e  l a r g e s t  

d e p a r t u r e  f r o m  Eucl idean space a r e  noted a t  a p o i n t  j u s t  above 

t h e  p r i n c i p a l  mass peak of t h e  neutron stars ( p o i n t  F i n  F igu res  6 

and 9 ) .  A t  t h i s  p o i n t ,  t h e  r e d  s h i f t  of  b o t h  t h e  VB and V 

model i s  about  0 .32 whi le  t h a t  of t h e  " i d e a l "  g a s  model i s  only about  

0.15. The non-Euclidean n a t u r e  o f  space is  enhanced by a factor  

of 2 when e i t h e r  t h e  V or  V type nuc lea r  p o t e n t i a l  i s  inc luded .  

However, t h e  d e p a r t u r e  from t h e  Eucl idean c h a r a c t e r i s t i c s  is n o t  

l a r g e  enough t o  produce a Schwarzschild s i n g u l a r i t y  for  a l l  t h e  

models c o n s t r u c t e d  i n  t h i s  paper. (See Equation (28 )  and Tables 

1 and 2 . )  

B Y 

type  Y 

B Y 

A complicated e f f e c t  of  nuc lear  f o r c e s  appears  i n  t h e  p rope r ty  

of b ind ing  energy. When the c o n s t i t u e n t  baryons become r e l a t i v i s t i c  

t h e  b inding  energy,  which i s  the  proper  mass minus g r a v i t a t i o n a l  
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mass, becomes nega t ive  i f  nuc lea r  forces are neg lec t ed  (Tsuru ta  

1964, Misner and Zapolsky 1964) .  The same argument does n o t  

n e c e s s a r i l y  apply when t h e  i n t e r a c t i o n  f o r c e s  e n t e r .  Depending 

on t h e  d i f f e r e n t  assumptions of t h e  nuc lea r  f o r c e s ,  t h e  nega t ive  

binding may o r  may no t  occur .  For i n s t a n c e ,  t h e  b inding  energy 

becomes negat ive  f o r  s u f f i c i e n t l y  dense models of  "real" g a s e s  

c o n s t r u c t e d  by Ambartsumyan and Saakyan (196223) , b u t  a l l  t h e  o t h e r  

nuc lea r  models w e  have s t u d i e d  ( t h e  Levinger-Simmons V and V t y p e ,  

and Skyrme type p o t e n t i a l s )  f a i l  t o  g i v e  nega t ive  b inding  e n e r g i e s  

f o r  r e l a t i v i s t i c  baryons.  

P Y 

It  is i n t e r e s t i n g  t o  n o t e ,  however, t h a t  a s m a l l  n e g a t i v e  b ind-  

ing  of about  1% of t h e  s t e l l a r  mass occurs  i n  t h e  l o w e r  d e n s i t y  

r eg ions  of 1 0  4 c < 8 - 9 x 10 gm/cm , below t h e  nuc lea r  

d e n s i t i e s .  This i s  caused by t h e  presence  o f  r e l a t i v i s t i c  e l e c t r o n s  

A t  t h e s e  d e n s i t i e s  t h e  c o n c e n t r a t i o n  of neut rons  i s  n o t  s u f f i c i e n t l y  

l a r g e  t o  overcome t h e  e f f e c t  of r e l a t i v i s t i c  e l e c t r o n s .  

1 2  C 13 3 

Some of t h e  p r o p e r t i e s  of c o l d  degenera te  stars seem t o  be 

independent  of t h e  type  of equat ion  of s ta te  t o  be adopted.  The 

g r a v i t a t i o n a l  mass, t h e  proper  mass (or t o t a l  baryon number) and 

t h e  b ind ing  energy e x h i b i t  damped o s c i l l a t i o n s  i n  phase w i t h  each 

o t h e r  as func t ions  of c e n t r a l  d e n s i t y .  Hence t h e  p o i n t  of t i g h t e s t  

b inding  is also t h e  p o i n t  of maximum mass and maximum baryon number. 

W e  have s e e n  t h a t  t h e  s t e l l a r  r a d i u s  also osci l la tes  as a f u n c t i o n  
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of c e n t r a l  d e n s i t y  b u t  t h e  o s c i l l a t i o n  i s  p a r t l y  o u t  of phase wi th  

t h e  o s c i l l a t i o n s  of  t h e  masses. Other i n t e r e s t i n g  v a r i a b l e s ,  t h e  

components of t h e  metric t e n s o r  and t h e  red s h i f t ,  a l s o  show s i m i l a r  

damped o s c i l l a t i o n s  as t h e  c e n t r a l  d e n s i t y  i s  inc reased .  The i r  

o s c i l l a t i o n s  are i n  phase w i t h  each o t h e r  b u t  are n o t  i n  phase 

wi th  t h e  o s c i l l a t i o n s  of e i t h e r  t h e  r a d i u s  o r  t h e  mass. These 

p r o p e r t i e s  are found t o  be common t o  a l l  d i f f e r e n t  t ypes  of equa t ion  

of s t a t e  s t u d i e d  by us .  

I t  may be noted t h a t  i n  the  models of  m a s s  less than  about  

0.2Ma, t h e  b inding  energy i s  much less than  1% of t h e  t o t a l  mass 

(Table 1 and 2 ) .  Such models are e n e r g e t i c a l l y  u n s t a b l e  a g a i n s t  

t r ans fo rma t ion  i n t o  i r o n  wh i t e  dwarfs (Cameron 1959).  W e  have 

noted t h a t  t h e  models l y ing  above t h e  p r i n c i p a l  m a s s  peak ( p o i n t  F) 

are dynamically uns t ab le .  Hence t h e  stable neut ron  s t a r s ,  i f  

observable ,  are expected t o  l i e  i n  t h e  s m a l l  range of d e n s i t y  

corresponding t o  t h e  r eg ion  0.2M 4 M 4 2M 

is only  about  1% of t h e  t o t a l  s te l lar  m a s s  f o r  t h e  l i g h t e s t  of t h e  

The binding  energy a' a 

stable neutron stars b u t  a t  t h e  mass peak i t  i s  as l a r g e  as  about  

20% of t h e  observable  m a s s .  

Another outcome which may w e l l  be noted i s  t h e  p o s s i b l e  

importance of t h e  "e lec t ron-nucleus"  envelopes i n  some of  t h e  

l i g h t e s t  s table neut ron  stars. T h e  m o s t  extended envelopes w e r e  

s een  t o  occur i n  u n s t a b l e  r eg ions ,  b u t  it w a s  shown t h a t  some of t h e  
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stable neutron stars could have q u i t e  an extended envelope 

also, almost as l a r g e  as t h e  neutron c o r e  i t s e l f .  The mass 

conta ined  i n  such envelopes i s  n e g l i g i b l e .  Therefore ,  any p h y s i c a l  

v a r i a b l e s  which depend on r a d i u s  can  be g r e a t l y  a f f e c t e d  by t h e  

presence  of  t h e s e  envelopes.  Red s h i f t  i s  an impor tan t  s te l la r  

parameter i n  t h e  problem of obse rva t ion .  

envelopes of e l e c t r o n s  and heavy n u c l e i ,  about  50% error i n  t h e  

va lue  of r e d  s h i f t  could occur f o r  some of t h e  l i g h t e s t  s table 

neut ron  s tars .  

By n e g l e c t i n g  t h e  
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TABLE CAPTIONS 

Table 1: C h a r a c t e r i s i t i c s  of Composite Models of Degenerate Stars 

w i t h  t h e  Nuclear P o t e n t i a l  Vg and t h e  Asymptotic Equation of 

S t a t e  P = s ;  P i s  t h e  c e n t r a l  p r e s s u r e  i n  dynes/cm , C 2 

2 3  36 2 c  
P = ( M  4c5/32r, h )4rr=6.46~10 dynes/cm , s is  t h e  t o t a l  
0 n 

C energy d e n s i t y  a t  t h e  cen te r  and p i s  t h e  t o t a l  matter d e n s i t y  

a t  t h e  c e n t e r  i n  gm/cm , R i s  t h e  c o o r d i n a t e  r a d i u s  of t h e  
3 

s t a r ,  M, Mp, and M 

and t h e  b inding  energy i n  mass u n i t s ,  M i s  t h e  m a s s  of t h e  

are the  g r a v i t a t i o n a l  and proper  m a s s  B 

0 
L sun ,  t i s  t h e  r e l a t i v i s t i c  parameter f o r  neut rons  a t  t h e  n 

c e n t e r ,  ( R )  i s  t h e  r a d i a l  -grr ( R )  i s  t h e  t i m e  metric and 944 

m e t r i c  a t  t h e  s u r f a c e .  

Table 2: C h a r a c t e r i s i t i c s  of Composite Models of Degenerate S t a r s  

w i t h  t h e  Nuclear P o t e n t i a l  V, and t h e  Asymptotic Equat ion of 

S t a t e  P = c ;  t h e  n o t a t i o n  is  t h a t  in t roduced  i n  T a b l e  1. 

Table 3: P r o p e r t i e s  of C r i t i c a l  Po in t s ;  t h e  le t ters  A, B, C ,  e t c . ,  

denote  t h e  va r ious  c r i t i c a l  p o i n t s  i n  o rde r  of i n c r e a s i n g  

c e n t r a l  d e n s i t y  of t h e  models ; MAX. 1, e t c . ,  means t h e  f i r s t  

maximum p o i n t ,  etc.: MIN. 2 ,  e t c . ,  means t h e  second minimum 

p o i n t ,  e tc . ;  t h e  c a p i t a l  l e t t e r s  i n  ( ) s t and  f o r  t h e  names 

of t h e  persons who recognized o r  i d e n t i f i e d  t h e s e  p o i n t s  

f i r s t  (C = Cameron, H = Harrison,  L = Landau, M = Misner, 

0 = Oppenheimer, HS = Hamada and Salpeter, T = Tsuru ta ,  

V = Volkoff ,  WW = Wakano and Wheeler, and Z = Zapolsky);  t h e  



models HTWW are models c o n s t r u c t e d  by Har r i son ,  Thorne, 

Wakano and Wheeler: IDEAL means t h e  models w i th  no nuc lea r  

i n t e r a c t i o n s ,  

f a c t o r ,  and (ALOG 6 ) means t h e  peak-to-trough s e p a r a t i o n  

i n  t h e  LOG 8 

in t roduced  i n  Table 1. The second and t h i r d  columns e x p l a i n  

t h e  n a t u r e  of t h e  c r i t i c a l  p o i n t s  des igna ted  A ,  B, C ,  e tc . ,  

t h e  4 t h  column e x p l a i n s  t h e  type of model f o r  which t h e  

c a l c u l a t i o n s  i n  t h e  l a s t  5 columns were made, and t h e  l a s t  

5 columns g i v e  t h e  c h a r a c t e r i s t i c  p r o p e r t i e s  a t  t h e s e  p o i n t s .  

(AMn - l/AMn) s t a n d s  f o r  t h e  ampli tude f a l l - o f f  

C 

C 
v s  M/Mo p lane .  Remaining n o t a t i o n  is  t h a t  

Table 4: This t a b l e  g i v e s  t h e  p r o p e r t i e s  of t h e  models used i n  

F igu re  11. The n o t a t i o n  i s  t h a t  in t roduced  i n  Table 1. 

Table  5 :  I n t e r n a l  D i s t r i b u t i o n  of Various Stellar Parameters  f o r  

two models of t h e  Vy type .  The model (A) i s  s l i g h t l y  less 

dense and t h e  model ( B )  is s l i g h t l y  denser  t h a n  t h e  conf igu ra -  

t i o n  of maximum m a s s .  r i s  t h e  r a d i a l  d i s t a n c e  from t h e  

c e n t e r ,  c ( r ) ,  t ( r ) ,  - g r r ( r ) ,  and g 

d e n s i t y ,  r e l a t i v i s t i c  parameter f o r  neu t rons ,  t h e  r a d i a l  and 

t i m e  me t r i c s ,  a l l  a t  t h e  p o i n t  r from t h e  center.  

and M (x)/Ma are t h e  g r a v i t a t i o n a l  and proper  m a s s  of matter 

i n  s o l a r  m a s s  u n i t s  conta ined  w i t h i n  t h e  r a d i u s  r ,  and 

M B ( r )  = M p ( r ) - U ( r )  

( r )  a r e  t h e  energy n 44 

U(r)/Ma 

P 
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FIGURE CAPTIONS 

-3 Figure  1: Number d e n s i t i e s  i n  cm of v a r i o u s  sub-atomic p a r t i c l e s  

3 
as f u n c t i o n s  of t o t a l  matter  d e n s i t y  i n  gm/cm . The symbols n ,  

- 0 + _-  -0 - 
P, A ,  C , C , C , G , = , e ,  p , n* and p* s t a n d  f o r  neu t rons ,  

p ro tons ,  hyperons corresponding t o  t h e i r  r e s p e c t i v e  symbols, 

e l e c t r o n s ,  nega t ive  muons, and neut rons  and pro tons  i n  t h e  

f i r s t  e x c i t e d  s t a t e .  

F igu re  2: The composition d i s t r i b u t i o n  used i n  our composite 

equa t ion  of s t a t e .  The par t ia l  number d e n s i t i e s  of v a r i o u s  

c o n s t i t u e n t  par t ic les  ( i n  u n i t s  of are p l o t t e d  as 

f u n c t i o n s  of t o t a l  matter dens i ty  ( i n  gm/cm ) .  
3 

Figure  3 :  Energy i n  Mev/particle i s  p l o t t e d  a g a i n s t  d e n s i t y  i n  

3 
gm/cm , f o r  va r ious  nuc lear  p o t e n t i a l s  and f o r  non- in t e rac t ing  

p a r t i c l e s .  

F igu re  4: P res su re  i s  p l o t t e d  a g a i n s t  energy d e n s i t y  f o r  t h e  

composite equa t ions  of s ta te  of type  Vg and Vv, w i t h  t h e  

asymptot ic  equa t ion  of s ta te  P = s.  

Figure  5: The g r a v i t a t i o n a l  and proper  masses of t h e  models of  

t y p e  Vg and V, w i t h  t h e  asymptotic equa t ion  of s t a t e  of e i t h e r  

P = 6 o r  P = s / 3 .  The p o i n t s  a t  which t h e  composite equa t ions  

of s ta te  swi tch  over t o  the  asymptot ic  e q u a t i o m o f  s t a t e  are 

shown by crosses. 



Figure  6: The mass-radius r e l a t i o n  of t h e  composite models of 

t h e  type Vg and V, w i t h  t h e  p r e s s u r e  s a t u r a t i o n  c o n d i t i o n  

P < E: ( s o l i d  c u r v e s ) .  The p o i n t s  A ,  B ,  C ,  e tc . ,  are t h e  

c r i t i c a l  p o i n t s  as expla ined  i n  Table 3. The r eg ions  (I), 

(111, and (111) are t h e  r eg ions  of wh i t e  dwarfs ,  t h e  i n t e r -  

mediate r e g i o n s ,  and t h e  r eg ions  of neut ron  and hyperon stars. 

The dashed cu rves  are t h e  " i d e a l "  g a s  models ( a )  and " rea l"  

g a s  models (b) cons t ruc t ed  by Amburtsumyan and Saakyan (1962a) .  

F igu re  7: The r e l a t i o n  between t h e  r a d i u s  and c e n t r a l  energy 

d e n s i t y  f o r  t h e  composite models of t h e  Vp and V, type .  Some 

of t h e  c r i t i c a l  p o i n t s  i n  low d e n s i t y  r eg ions  are shown by 

c r o s s e s  and t h e  corresponding let ter symbols as in t roduced  

i n  Table 3 .  

Figure  8: The r e l a t i o n  between t h e  r a d i u s  and t h e  c e n t r a l  energy 

d e n s i t y  i n  t h e  r eg ion  of n e u t r m  stars i s  shown i n  d e t a i l .  

For comparison, t h e  models of " i d e a l "  gases  are shown as a 

dashed curve,  t oge the r  w i t h  t h e  "real"  g a s  models of t h e  

Vp and Vy type ( s o l i d  c u r v e s ) .  

F igu re  9: The damped o s c i l l a t i o n s  of t h e  g r a v i t a t i o n a l  m a s s  and 

r a d i u s  a s  f u n c t i o n s  of c e n t r a l  energy d e n s i t y .  The r e g i o n s  

(I), (11), and (111) are those  de f ined  i n  F igure  6. The 

p o i n t s  A ,  B,  C ,  e t c . ,  s t a n d  f o r  t h e  c r i t i c a l  p o i n t s  exp la ined  

i n  Table 3 .  The peaks and t roughs  of m a s s  and r a d i u s  are 

shown by  t h e  r e s p e c t i v e  marks. 



Figure  10: The e f fec t  of  t h e  presence of hyperons. The models 

of t h e  Vg and V, t ype  are shown both  f o r  t h e  c o n f i g u r a t i o n  

of pure  neut rons  (d ished  curves)  and for  t h e  baryonic  mixtures  

( s o l i d  c u r v e s ) .  

F igu re  11: I n t e r n a l  d i s t r i b u t i o n  of energy d e n s i t y  f o r  6 models 

whose c h a r a c t e r i s t i c  p r o p e r t i e s  are l i s t e d  i n  Table 4.  The 

s o l i d  cu rves  r e p r e s e n t  t h e  V, t ype  models and the  dashed 

cu rves  r e p r e s e n t  t h e  Vg type models. These w e r e  s e l e c t e d  

f r o m  (1) t h e  r eg ion  of t h e  l i g h t e s t  stable neut ron  stars, 

( 2 )  t h e  r eg ion  near  t h e  p r i n c i p a l  m a s s  peak ( p o i n t  F i n  

F igu re  9) ,  and ( 3 )  t h e  region of superdense stars wi th  

C 24 3 - 10 gm/cm . 
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